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Abstract. Let d be a positive integer. Let p be a prime number. Let a 
be a real algebraic number of degree d + 1. We establish that there exist 
a positive constant c and inhnitely many algebraic numbers ^ of degree 
d such that \a - ^\ ■ min{|Norm(Olp, 1} < ci7(0"'^"^ {log3H{^))-^/'^. 
Here, H{^) and Norm(^) denote the naive height of ^ and its norm, 
respectively. This extends an earlier result of de Mathan and Teulie 
that deals with the case d = 1. 



1. Introduction 

In analogy with the Littlewood conjecture, de Mathan and Teulie [7] proposed recently 
a 'mixed Littlewood conjecture'. For any prime number p, the usual p-adic absolute value 
I ■ Ip is normalized in such a way that \p\p = p~^. We denote by || ■ || the distance to the 
nearest integer. 

De Mathan— Teulie conjecture. For every real number a and every prime number p, 
we have 

inf q ■ \\qa\\ ■ \q\p = 0. (1-1) 

Obviously, the above conjecture holds if a is rational or has unbounded partial quo- 
tients in its continued fraction expansion. Thus, it only remains to consider the case when 
a is an element of the set Badi of badly approximable real numbers, where 

Badi = {a eH : inf q ■ \\qa\\ > 0}. 

De Mathan and Teulie [7] proved that (1.1) holds for every quadratic real number a (recall 
that such a number is in Badi) but, despite several recent results [4, 3], the general 
conjecture is still unsolved. 
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If we rewrite (1.1) under the form 



inf (f' ■ 

a,g>l,gcd(a,g) = l 



a 

a 

Q 



kip = 0, 



then we have \q\p — min{|Norm(g/a) |p, 1}. Hence, upon replacing a by 1/a, the de 
Mathan-TeuHe conjecture can be reformulated as follows: For every irrational real number 
a, for every prime number p and every positive real number e, there exists a non-zero 
rational number ^ satisfying 

|« - el • min{|Norm(e)|p, 1} < sH{C)-^. 

Throughout this paper, the height H[P) of an integer polynomial P{X) is the maximal 
of the absolute values of its coefficients. The height H{^) of an algebraic number ^ is the 
height of its minimal defining polynomial over the rational integers ao + aiX + . . . + a^X'^^ 
and the norm of ^, denoted by Norm(^), is the rational number (— l)'^ao/ad. 
This reformulation suggests us to ask the following question. 

Problem 1. Let d he a positive integer. Let a be a real number that is not algebraic of 

degree less than or equal to d. For every prime number p and every positive real number 
e, does there exist a non-zero real algebraic number ^ of degree at most d satisfying 

\a-C\- min{|Norm(e)|p, 1} < sHi^-d-^l 

The answer to Problem 1 is clearly positive, unless (perhaps) when a is an element of 
the set BadcL of real numbers that are badly approximable by algebraic numbers of degree 
at most d, where 

Badd ={a e R : There exists c> such that |q! - ^| > cH{^)~'^~^, 
for all algebraic numbers ^ of degree at most d}. 

For d > 1, the set Badd contains the set of algebraic numbers of degree d+l, but it remains 
an open problem to decide whether this inclusion is strict for d > 2; see the monograph [2] 
for more information. The purpose of the present note is to give a positive answer to 
Problem 1 for every positive integer d and every real algebraic number a of degree d + 1. 
This extends the result from [7] which deals with the case d = 1. 



2. Results 



Throughout this paper, for a prime number p, a number field K, and a non- Archime- 
dean place on K lying above p, we normalize the absolute value | • |t; in such a way that 
I ■ \y and I ■ \p coincide on Q. 

Our main result includes a positive answer to Problem 1 when a is a real algebraic 
number of degree d+ 1. 
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Theorem 1. Let d be a positive integer. Let a be a real algebraic number of degree d+1 
and denote by r the unit rank of Q(a). Let p be a prime number. There exist positive 
constants ci, C2, C3 and infinitely many real algebraic numbers ^ of degree d such that 

la-^lKcHi^-d-^ (2.1) 

|e|.<C2(log3i7(0)-^/^'^'\ (2.2) 
for every absolute value \ ■ \y on Q(^) above the prime p, and 

\a-C\-mm{\Norm{0\pA} < 03/^(6"^"' (log 3i^(0)"'/'- (2-3) 

Theorem 1 extends Theoreme 2.1 of [7] that is only concerned with the case d = 1. 

Under the assumptions of Theorem 1, Wirsing [10] estabhshed that there are infinitely 
many real algebraic numbers ^ satisfying (2.1). 

The proof of Theorem 1 is very much inspired by a paper of Peck [8] on simultaneous 
rational approximation to real algebraic numbers. Roughly speaking, we use a method 
dual to Peck's to construct integer polynomials P{X) that take small values at a, and we 
need an extra argument to ensure that our polynomials have a root ^ very close to a. 

De Mathan [6] used the theory of linear forms in non-Archimedean logarithms to 
prove that Theorem 1 for cZ = 1 is best possible, in the sense that the absolute value of the 
exponent of (log3-ff(^)) in (2.2) cannot be too large. Next theorem extends this result to 
all values of d. 

Theorem 2. Let p be a prime number, d a positive integer and a a real algebraic number 
of degree d+1. Let X be a positive real number. There exists a positive real number 
K = k{X) such that for every non-zero real algebraic number ^ of degree d satisfying 

\a-^\<XH{^)-''-' (2.4) 

we have 

\cu>{iog3H{or^ 

for at least one absolute value \ ■ \v on Q(^) above the prime p. 

As in [6] , the proof of Theorem 2 rests on the theory of linear forms in non- Archime- 
dean logarithms. 

Let d be a positive integer. We recall that it follows from the p-adic version of the 
Schmidt Subspace Theorem that for every algebraic number a of degree d+1 and for 
every positive real number e, there are only finitely many non-zero integer polynomials 
P{X) = ao + aiX + . . . + a^X^ of degree at most d, with oq 7^ 0, that satisfy 

\P{a)\-\ao\p<H{P)-''-'. 

Let ^ be a real algebraic number of degree at most d, and denote by P{X) = gq + aiX + 
. . . + ttdX'^ its minimal defining polynomial over Z. Then, 

min{|Norm(^)|p, 1} > \ao\p 
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and there exists a constant c{a), depending only on a, such that 

|P(a)|<c(a)if(0-|e-a|. 

Let £ be a positive real number. Applying the above statement deduced from the p-adic 
version of the Schmidt Subspace Theorem to these polynomials P{X), we deduce that 

\a-^\- min{|Norm(0|p, 1} > 

holds if H{P) is sufficiently large. This implies that if ^ satisfies (2.4) and if H{^) is 
sufficiently large, then we have 

|Norm(0|p>if(0"% 

accordingly 

max|e|.>iy(0"'/'- 

v\p 

The result of Theorem 2 is more precise, however we cannot obtain a good lower bound 
for |Norm(0|p. 

We conclude this section by pointing out that Einsiedler and Kleinbock [4] showed 
that a slight modification of the de Mathan-Teulie conjecture easily follows from a theorem 
of Furstenberg [5, 1]. 

Theorem EK. Let pi and p2 be distinct prime numbers. Then 

inf q- \\qa\\ ■ \q\p^ ■ \q\p^ = 

holds for every real number a. 

In view of Theorem EK, we formulate the following question, presumably easier to 
solve than Problem 1. 

Problem 2. Let d be a positive integer. Let a be a real number that is not algebraic of 
degree less than or equal to d. For every distinct prime numbers pi, p2 and every positive 
real number s, does there exist a non-zero real algebraic number ^ of degree at most d 
satisfying 

|a - ei • min{|Norm(e)|p„ 1} • min{|Norm(e)|p„ 1} < eH{^)-''-'? 
Theorem EK gives a positive answer to Problem 2 when d = 1. 

The sequel of the paper is organized as follows. We gather several auxiliary results in 
Section 3, and Theorems 1 and 2 are established in Sections 4 and 5, respectively. 

In the next sections, we fix a real algebraic number field K of degree d + 1. The 
notation A B means, unless specific indications, that the implicit constant depends on 
K. Furthermore, we write x S if we have simultaneously A <^ B and B <^ A. 
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3. Auxiliary lemmas 

Let K be a real algebraic number field of degree d + 1. Let O denote its ring of 
integers, and let ao — 1, ai, . . . , be a basis of K. Let -D be a positive integer satisfying 

D(Z + aiZ + ... + adZ) C O C -^(Z + aiZ + . . . + a^Z) 

and the corresponding inequalities for the dual basis /3o, • • • ,/3d defined by 

where Tr is the trace and dij is the Kronecker symbol. 

We denote by ctq = Id, . . . ., ad, the complex embeddings of K, numbered in such a way 
that (To, ... , Cri-i are real, (j^^, . . . ,(Td are imaginary and (Tr^_|_r2+i ~ ^rT+i ior < j < r2. 
Set also r = ri + r2 — 1, and let ei, . . . ,er be multiplicatively independent units in K. 

Lemma 1. Let rj be a unit in O such that — 1 < ry < 1 and define the real number N by 
\r]\ = N~^. The conditions 

1^,(77)1 xiV^/^ 0<j<d, (3.1) 

and 

1(7^(77)1 x|(7,(r/)|, 0<i<j<d, (3.2) 

are equivalent. Let ^ ^ be inK. and let A be a positive integer such that A7 e O. If r] 
satisGes (3.1) or (3.2), write 

777 = ao + . . . + adad , 
with ao, . . . ,ad in Q. We have DAak G Z for k = 0, . . . ,d and 

max lafcl x iV^/"', 

k=0,...,d 

where the implicit constants depend on 7. 
Proof. Since ry is a unit, we have 

n ^i(^)=±i- 

0<j<d 

and (3.1) and (3.2) are clearly equivalent. The formula 

d 

au = T>(7?7/3fc) = + ^(^j{'n)(^j{l(^k) 
implies that if r] satisfies (3.1), then 
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Combined with 

(^i{l)cri{v) = ao + ... + adai{ad) , 

this shows that 

N^/'^ X \ai{r])\ < max \ak\. 

k=0,...,d 

The proof of the lemma is complete. □ 

Let a be a real algebraic number of degree d + 1. We keep the above notation with 
the field K = Q{a) and the basis l,a, . . . ,a'^ of K over Q, and we display an immediate 
consequence of Lemma 1. 

Corollary 1. Let rj be a unit in O such that — 1 < ry < 1 and set N — \r]\~^. Then 

DA^r] = P{a), 

where P{X) is an integral polynomial of degree at most d satisfying 

H{P)^N^/'^, |P(a)|xAr-i, 

and thus 



\P{a)\ X H{P) 



-d 



Denote by Tj, j = 0, . . . , d the embeddings of K into Cp. Recall that the absolute 
value I • Ip on Q has a unique extension to Cp, that we also denote by | • |p. In Lemmata 2 
to 4 below we work in Cp. Let P{X) be an irreducible integer polynomial of degree n>l. 
Let ^ be a complex root of P{X) and ^i, . . . , be the roots of P{X) in Cp. We point out 
that the sets 

{\i\v '■ V is above p on Q(0} 

and 

{\Ci\p:l<i<n} 

coincide, since all the absolute values | ■ |„ and | ■ |p coincide on Q. 

Keeping the notation of Lemma 1, we have the following auxiliary result. 

Lemma 2. Assume that 7 = aa- Then 

jofclp ^ max \Tj{r]) — l\p , 0<k<d, 

0<j<d 



and 

Proof. Since 
we get 



— 1|» ^ max |r,(?7) — 11 



T>(«d/3fe) = , for A; = 0,...,d-1, 

d 
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and deduce that 



\ak\p < max |tj(?7) - l\p , 

0<j<d 



0<k <d. 



It follows from 
that 



ad = 1 + Tr{adPd{v - 1)) = 1 + J2^rj{r]) - l)Tj{adPd), 



and we derive that 



This concludes the proof. 



|ad-l|p< max |tj(?7) - l|p . 

0<j<d 



□ 



Lemma 3. Let < 5 < 1. There exist arbitrarily large positive real numbers H and units 
r] satisfying r] = H~^, 



^i(^) 



- 1 



2<j<d, 



(3.3) 



and 



\rj{r])-l\p<^{\ogH)- 



-l/r 



0<j<d. 



Proof. By taking suitable powers of the units ei, . . . ,6r, we can assume that they are all 
positive, as well as their real conjugates, and that \Tj{ei) — l\p < p~^/(P~^) for i = 1, . . . , r 
and j = 0, . . . , d. This is possible since |Tj(ei)|p = 1 for z = 1, . . . , r and j = 0, . . . , 
This allows us to consider the p-adic logarithms of each Tj{ei). Our aim is to construct a 
suitable unit rj of the form 



1] = e 

where fii e Z. The conditions for (3.3) are then 



rMr-P 



/ii log 



kl(^l)l 



+ . . . + //r- log 



\crj{er)\ 



kr(er)| 



<Ci, 



2 < J < r. 



where Ci — Ci{S) > is a constant, and 



p 

2^ 



(/xi arg cTj (£i) + . . . + i^r arg aj (e^ ) ) 



n <j < r, 



with C2 = 02(6) > 0. Set 



and 



Yj=p'lfii log + . . . + //^ log 



p 

Zk = ^(/iiargf7fe(£i) + ... + /irargcrfe(£^)) e R/Z, 



2 < j < r. 



Taking < jii < M, we have points {iJii)i<i<r- The {Yj, Zk)2<j<r,ri<k<r are in the 
product of intervals Ij, 2 < j < r, of lengths 0{Mp^) and of r2 factors identical to R/Z. 
This set can be covered by C^{Mp^Y~^ sets of diameter at most max{Ci, C2}, where C3 
is a constant depending on 5. By Dirichlet's Schubfachprinzip, choosing M such that 

CsiMp'y-'^ < M^ 

which can be done with 

we get that there is (//i, . . . , Hr) G \ {0} such that 

max I Ui I <^ M , 

l<i<r 

|lS-|<C'i' 2<j<r, 

and 

||^fe||<C2, ri</c<r. 

Set then 

in such a way that < < 1 (if needed, just consider 1/r]). This choice implies that 

\ri{r]) - l\p = \ logpTi{r])\p < < i < d, 

and 

|logr/| </M 

and the lemma is proved. □ 

Lemma 4. Let P{X) e Cp[X] be a polynomial of degree d, and write 

P(X) = ao + ... + adX^. 

Let (1 < i < be the roots of P{X) in Cp. Let c be a real number satisfying < c < 1. 
If 

\^i\p<c, l<i<d, 

we get 

Wklp < c|ad|p , < k < d. (3.4) 

Conversely, if (3.4) holds, then we have 

IC4 < c^^'^, l<i<d. 

Proof. Since 



p(x)=ad n (^-^0 



l<i<d 
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if iCilp ^ c < 1 for z = 1, . . . , then we have 

< c|ad|p , ior k — 0, . . . ,d — 1. 

Conversely, if 

\ak\p < c\ad\p, 0<k<d, 

and if ^ e Cp is such that 

adC"^ + . . . + ao = , 
then, there exists k with < k < d and 

thus, 

\c\i<\ct''<c. 

This completes the proof of the lemma. □ 

We conclude this section with two lemmas used in the proof of Theorem 2. The first 
of them was proved by Peck [8] . 

Lemma 5. There exists a sequence {r]m)m>i of positive units in O such that 

'/m ^ c 

and 

k,(r7m)| xe^, l<j<d. 
Proof. Let us search the unit rjm under the form 

'Im — '^i • • • Cj, , 

with //j e Z. We construct real numbers ui, . . . ,iyr such that 

vi log Si + . . . + Vr log Sr = —dm (3-5) 

and 

zvi log |crj(£i)| + . . . + zVflog |crj(£r)| = m , 1 < j < d . (3.6) 

Taking into account that, by complex conjugation, the equations (3.6) corresponding to 
an index j with ri < j < ri + r2 and to the index j + r2 are identical, and that the sum 
of (3.5) and equations (3.6) is zero, we simply have to deal with a Cramer system, since 
the matrix {aj{ei))i<j<r,i<i<r is regular. We solve this system and then replace every z/^ 
by a rational integer //j such that — Vi\ < 1/2. □ 

Lemma 6. Let A' be a positive real number. Let {r]m)m>i be a sequence of positive units 
as in Lemma 5. There exists a finite set F = r(A') of non-zero elements of K such that for 
all integer polynomial P{X) of degree at most d that satisfies 

\P{a)\<X'H{P)-'^, (3.7) 
9 



there exist a positive integer m and 7 in T for which 

P{a) = -frim ■ 

Proof. Below, all the constants implicit in <^ depend on K and on A'. Let m be a positive 
integer such that 

H{P) X e™ , 

and set 

Since Da'^ is an algebraic integer for A; = 0, . . . , cZ, the algebraic number D7 is an algebraic 
integer, and, by (3.7), 

Furthermore, for j = 1, . . . ,d, we have 

ki(7)l = \PMa))\ ■ « H{P)e-^ « 1 . 

The algebraic integers D7 e O and all their complex conjugates being bounded, they form 
a finite set. □ 



4. Proof of Theorem 1 

Let S be in (0, 1) to be selected later. Apply Lemma 3 with this 6 to get a unit ry and 
apply Lemma 1 with this unit and with 7 = a'^. Since D^a'^rj e Z + . . . + cu'^Z, we get 

D^rja'^ = ao + aict + . . . + 0^0;'^ = P{o), 

where, by Corollary 1, P{X) is an integer polynomial of degree d and 

\P{a)\^H{P)-'^ ^H-'^. 

By Lemma 2, each coefficient of P{X) has its p-adic absolute value ^ (log3iy(P))~-^/^, 
except the leading coefficient, whose p-adic absolute value equals |-D|p. 

We then infer from Lemma 4 that all the roots of P{X) in Cp have their p-adic 
absolute value < (log 3if(P))-i/('^'"). This proves (2.2). 

It now remains for us to guarantee that P{X) has a root very close to a. To this end, 
we proceed to check that 

|P'(a)| >i7(P). 

Since 

P'{a) = ai + . . . + dada'^~^ , 

we get 

P'{a) = D"^ (Tr(r/a^/?i) + 2aT^{'qa'^ (32) + . . . + da^-^Tr(r/a'^/3d)) , 
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hence, 



Let us write 



with 



Observe first that 



d d 



1=0 fe=l 



i=0 



Ai = ai{a'^)'^ka'' ^aiiPk), i = 0,...,d. 



k=l 



i=l 



Indeed, if this is not the case, then, working with the unit rj = 1, that is, with P{X) = 
D^X'^ and P'{a) = dD^a'^'^, we get 



k=l 

hence, 

d 

d = '^ka'^Pk ■ 
fe=i 

Taking the trace, and recaUing that Tr{a''Pk) = 1, we get 

d 

d{d+l) = ^k, 



k=l 



a contradiction. 
Write 



P'{a) = D^J2 ^^^^(^) + 0{H-'') = L» Vi iv) + B 



i=l 



with 



\B\<D' E 1^^1-1^1(^)1 



2<i<d 



Selecting now 5 such that 



2<i<d 



^l(^) 



E^^ 



+ 0{H-^) 
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we infer from Lemma 3 that 



\P'ia)\ > 

when H is sufficiently large. This gives 

|P'(«)|>|ai(r7)|>iy. 

Consequently, P{X) has a root ^ such that 

\a-i\<^H{P)-''-^ <^H{i)-''-\ 

Classical arguments (see at the end of the proof of Theorem 2.11 in [2]) show that ^ must 
be real and of degree d if if is sufficiently large. This proves (2.1). Inequality (2.3) follows 
from (2.1) and (2.2) together with the fact that ^ is of degree d. This completes the proof 
of the theorem. 



d 



5. Proof of Theorem 2 

The constants implicit in ^ and ^ below depend on K, p and A. There exists 
a positive real number A', depending on A and on d, such that the minimal defining 
polynomial P{X) of any real number ^ of sufficiently large height and for which (2.4) 
holds is of degree d and satisfies 

\P{a)\ <\'H{P)-'^. 

Let (r7m)m>i be as in Lemma 5. By Lemma 6, it is sufficient to prove Theorem 2 for the 
integer polynomials P{X) as above such that 

P{a) = ^rjm = ao + aia + . . . + ada^. 

Let be the roots of P{X) in Cp and set 

u := max If jL . 

i<i<d ' 

Assume that tt < 1 . It follows from Lemma 4 that 

\ak\p < u\ad\p , 0<k<d. 

Dividing P{X) by = I'^dlp ^ if necessary, we can assume that la^lp = 1, and we obtain 
that 

< tt , < k < d . 
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For j = 1, . . . , d, we then have 



d-l 



hence, 



Since Irjmlp = 1, we get that 



•C It, 



Upon writing 
we have thus 

If 



•Im — '^i . . . tj. 



U > 



^j(gl) 



-Ml, 



holds for j = 1, . . . ,d, the number 

is equal to all its conjuguates, hence is rational, and we have 

P{a) = ha'^ 

with 6 e Q, hence P{X) — bX'^, a contradiction. For every m, there thus exists an index 
j such that I < j < d and 



^j(gi) 



-pi, 



Tj{er) 



Consequently, by the theory of linear forms in non- Archimedean logarithms (see e.g., Kun- 
rui Yu [9]), there exists a positive constant k, such that 



Since rjm ^ H{P) and 



u > ( max \idi,m\ 

l<i<r 



log rym I - max 

l<i<r 
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the matrix (log \crj{si)\)i.ci<r,i<j<r being regular, we conclude that 

«»(log3if(0)-". 
This completes the proof of the theorem. 



□ 



References 



[1] M. D. Boshernitzan, Elementary proof of Furstenberg's Diophantine result, Proc. 
Amer. Math. Soc. 122 (1994), 67-70. 

[2] Y. Bugeaud, Approximation by algebraic numbers, Cambridge Tracts in Mathemat- 
ics 160, Cambridge, 2004. 

[3] Y. Bugeaud, M. Drmota, and B. de Mathan, On a mixed Littlewood conjecture in 
Diophantine approximation, Acta Arith. 128 (2007), 107-124. 

[4] M. Einsiedler and D. Kleinbock, Measure rigidity and p-adic Littlewood-type prob- 
lems, Compositio Math. 143 (2007), 689-702. 

[5] H. Furstenberg, Disjointness in ergodic theory, minimal sets, and a problem in Dio- 
phantine approximation. Math. Systems Theory 1 (1967), 1-49. 

[6] B. de Mathan, On a mixed Littlewood conjecture for quadratic numbers, J. Theor. 
Nombres Bordeaux 17 (2005), 207-215. 

[7] B. de Mathan et O. Teulie, Problemes diophantiens simultanes, Monatsh. Math. 143 
(2004), 229-245. 

[8] L. G. Peck, Simultaneous rational approximations to algebraic numbers. Bull. Amer. 
Math. Soc. 67 (1961), 197-201. 

[9] Kunrui Yu, p-adic logarithmic forms and group varieties II, Acta Arith. 89 (1999), 
337-378. 

[10] E. Wirsing, Approximation mit algebraischen Zahlen beschrdnkten Grades, J. reine 
angew. Math. 206 (1961), 67-77. 



Yann Bugeaud 

Universite Louis Pasteur 

Mathematiques 

7, rue Rene Descartes 

67084 STRASBOURG Cedex (France) 



Bernard de Mathan 
Universite Bordeaux I 
Institut de Mathematiques 
351, cours de la Liberation 
33405 TALENCE Cedex (France) 



bugeaudOmath . u-strasbg . f r 



demathanOmath . u-bordeauxl . f r 



14 



